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Abstract A porous media theory has been proposed to
characterize oxygen transport processes associated with
membrane blood oxygenation devices. For the first time, a
rigorous mathematical procedure based a volume averaging procedure has been presented to derive a complete set
of the governing equations for the blood flow field and
oxygen concentration field. As a first step towards a complete three-dimensional numerical analysis, one-dimensional steady case is considered to model typical membrane
blood oxygenator scenarios, and to validate the derived
equations. The relative magnitudes of oxygen transport
terms are made clear, introducing a dimensionless parameter which measures the distance the oxygen gas travels to
dissolve in the blood as compared with the blood dispersion length. This dimensionless number is found so large
that the oxygen diffusion term can be neglected in most
cases. A simple linear relationship between the blood flow
rate and total oxygen transfer rate is found for oxygenators
with sufficiently large membrane surface areas. Comparison of the one-dimensional analytic results and available
experimental data reveals the soundness of the present
analysis.
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Dissolved oxygen concentration
c ¼ hcib =cref : Dimensionless dissolved oxygen
concentration
cref ¼ apref : Reference oxygen concentration at
S ¼ 0:5
Hemoglobin concentration
Outer and inner diameters of the hollow fiber
Oxygen diffusion coefficient
Oxygen dispersion coefficient
Mass transfer coefficient
Effective mass transfer coefficient
hbv ¼ ab hb : Volumetric mass transfer coefficient
Permeability
Effective length of the oxygenator chamber
Exponent associated with Hill’s equation
Unit vector pointing outward from the fluid side
to membrane side
Na  u2b =eb Db dis hbv : Dimensionless number
Pressure
Oxygen partial pressure
Oxygen partial pressure at blood phase inlet
Oxygen partial pressure at oxygen phase inlet
Reference oxygen partial pressure at S ¼ 0:5
Qb ¼ Aub : blood flow rate
Total oxygen transfer rate
Total oxygen transfer rate with infinite flow path
length
Oxygen saturation
Sc ¼ m=D: Schmidt number
Sherwood number
Time
Membrane thickness
Dacian velocity of the blood
Dacian velocity of the oxygen
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Velocity vector
Representative elementary volume
Axial coordinate
x ¼ hb v x=ub : Dimensionless coordinate

Greek symbols
a
Oxygen solubility
e
Volume fraction
l
Viscosity
m
Kinematic viscosity
q
Density
gth gth  QQox : Oxygenator efficiency
ox th
Special symbols
~
Deviation from intrinsic average
/
Darcian average
h/i
h/ib;ox;m Intrinsic average
Subscripts and superscripts
b
Blood
ox
Oxygen
m
Membrane
dis Dispersion
f
Fluid
sup Supply
in
Inlet

1 Introduction
Hollow fiber membranes are widely used in most blood
oxygenators, in which thousands of small polymer tubes
are arranged to allow oxygen gas to flow through the inside
(lumen side) of the hollow fibers, and blood to flow outside
(shell side) of them. Various types of membrane blood
oxygenation devices are available today. Some are used to
provide temporal cardiopulmonary bypass during openheart surgery, while others are used for extracorporeal
membrane oxygenation to support cardiopulmonary function for the patients with respiratory failure. In such
oxygenators, the blood paths may be locally parallel or
may have some angle to the oxygen flow within the hollow
fibers. In some compact oxygenators, the blood flow paths
are mostly radial across the bundles of hollow fibers.
There, the blood first enters axially through the core of the
oxygenator chamber and then is redirected to pass radially
crossing over the bundle of the hollow fibers.
Naturally, the local blood flow field within the oxygen
chamber controls the oxygen transfer rate between the
oxygen gas in the lumen side of the hollow fibers and the
blood plasma flowing though the interstitial spaces in the
shell side of the hollow fibers. Thus, it is essential to reveal
a local blood flow field in the membrane oxygenator
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device, so as to characterize the device for its possible
improvement in the oxygen transport. Guzman et al. [1]
treated an intravenous membrane oxygenator device
numerically, assuming angular symmetry and dividing the
device in periodic angular sections. A method similar to
this was adopted by Guzman et al. [2] to predict flow and
oxygen transport characteristics and performance of an
intravenous membrane oxygenator device. In most practical cases, such symmetry conditions are not realized. The
presence of thousands of hollow fibers makes it practically
impossible to apply direct CFD approaches to such complex membrane oxygenator devices.
Hewitt et al. [3, 4] proposed a mathematical model
based on a lumped compartment approach. They used
empirical correlations for mass transfer coefficient and
proved that the model can capture various characteristics of
gas exchange processes. A similar approach was taken by
Federspiel et al. [5, 6] to find that the results based on the
lump method are quite sensitive to a particular choice of
the empirical correlation. In reality, the mass transfer
coefficient locally depends on the velocity field, so that
both velocity and concentration distributions must be
sought together to characterize the oxygen transport
processes.
Under the situations, in which thousands of hollow
fibers are present in an oxygenator chamber, the concept of
local volume-averaging theory, namely, VAT, widely used
in the study of porous media [7–11] may be useful, as
successfully exploited by Sano and Nakayama [12] to
analyze mass diffusion and ultrafiltration processes associated with dialysis. In VAT, one uses a grid system, which
is just fine enough to resolve macroscopic blood flow and
concentration fields. Thus, hollow fiber elements are not
resolved but are modeled as a porous medium. This theory
of porous media appears to be most appropriate for treating
transport phenomena within hollow fibers since it contains
fewer assumptions as compared to existing models. In most
compact oxygenators in practice, the blood flow directions
are not parallel to the hollow fibers. Naturally, both blood
flow field and oxygen concentration field exhibit quite
complex three-dimensional patterns, due to the presence of
the hollow fibers. Therefore, a three-dimensional version of
the volume averaged governing equations based on a porous media approach is required to reveal local flow and
concentration fields.
Catapano et al. [13] carried out an experiment to
investigate mass and momentum transport in blood oxygenators using membrane oxygenation modules with water,
and correlated the results using porous media parameters.
A CFD study was conducted by Zhang et al. [14] to
characterize membrane blood oxygenation devices, modeling the bundle of the hollow fibers as a porous medium.
They are successful in deriving the oxygen conservation
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equation considering its balance within an elementary
control volume. However, in their study, various assumptions were introduced including one for the oxygen effective diffusion coefficient. Possible effects of mechanical
dispersion and tortuosity of diffusivity on the oxygen
transport have not been considered in their model.
In this paper, a rigorous mathematical development
based on the volume-averaging theory is presented so as to
establish a complete set of the volume-averaged governing
equations for fiber membrane blood oxygenation devices.
The relative magnitudes of oxygen transport terms,
namely, convection, diffusion and interstitial transport
terms will be made clear, introducing a dimensionless
parameter which measures the distance the oxygen gas
travels to dissolve in the blood as compared with the blood
dispersion length. As a first step towards a complete threedimensional numerical analysis, one-dimensional steady
case is investigated analytically to model typical membrane
blood oxygenator scenarios.

2 Volume averaging theory, volume fractions
and specific areas of oxygenator
Figure 1 schematically shows a membrane blood oxygenation device, in which only outer hollow fibers are shown
for clarity. The blood oxygenator utilizes thousands of
hollow fibers of polymer membrane. The oxygen flows
through the inside lumen of these hollow fibers, whereas
the blood flows outside (shell-side) through the interstitial
spaces in the packed fiber chamber. In the figure, a parallel
flow oxygenator is illustrated for simplicity, in which the
blood and oxygen flow in the same direction in parallel.
However, in most oxygenators, blood flow patterns are
quite complex, crossing over the bundle of hollow fibers.
The blood flow paths may be radial or fully three-dimensional. Thus, it is essential to establish a reliable numerical
tool so as to reveal such complex blood flow field and
oxygen concentration field. Only with such a numerical
tool, one may be able to optimize membrane blood oxygenation devices.
Direct numerical simulations of three dimensional flow
and concentration fields within packed fiber chambers are
practically infeasible, because of the presence of thousands
of hollow fibers. Hence, a porous media approach is used in
this study to derive a complete set of the volume-averaged
governing equations for membrane blood oxygenation
devices. The following procedure introduced by Nakayama
and Kuwahara [11] for a general bioheat transfer model
may readily be extended for the case of membrane blood
oxygenation system.
One considers a local control volume V in a fluid-saturated porous medium, as shown in Fig. 2, whose length
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scale V 1=3 is much smaller than the macroscopic characteristic length Vc1=3 , but, at the same time, much greater
than the microscopic characteristic length (see e.g. Cheng,
[7]; Nakayama [9]). Under this condition, the volume
average of a certain variable / is defined as
Z
1
/dV
ð1Þ
h/i ¼
V
Vf

Another average, namely, intrinsic average, is given by
Z
1
f
/
¼
dV
ð2Þ
h i
Vf
Vf

where Vf is the volume space which the fluid phase (blood
or oxygen) occupies. Obviously, two averages are related

as h/i ¼ ef h/if , where ef ¼ Vf V is the local volume
fraction of the phase in consideration.
A variable is decomposed into its intrinsic average and
the spatial deviation from it:
~
/ ¼ h/if þ/

ð3Þ

All dependent variables in the microscopic governing
equations for the blood, oxygen and membrane phases will
be decomposed in this manner. Thus, one utilizes the
following spatial average relationships:
D
Ef
~
~ /
ð4Þ
h/1 /2 if ¼ h/1 if h/2 if þ /
1 2
 
Z
o/
oh/i 1
þ
/ni dA or
¼
oxi
oxi
V
Aint
 f
Z
ð5a; bÞ
o/
1 oef h/if
1
¼
þ
/ni dA
oxi
ef oxi
Vf
Aint

and
 
o/
oh/i
¼
ot
ot

ð6Þ

Aint represents the interfaces between the fluid and membrane matrix within the local control volume. Note ni is the
unit vector pointing outward from the fluid side to membrane matrix side.
In applying the foregoing porous media approach to an
oxygenator, one defines individual velocities and species
concentrations to the three phases, namely, the blood,
oxygen gas and membrane phases. Each phase is treated as
a continuum filling the entire space of the oxygenator
chamber. Thus, three phases share the same space but with
different volume fractions. Assigning the subscripts, b, ox
and m to the blood phase, oxygen gas phase and membrane
phase, respectively, the following relations can be found
for the volume fractions eb, em, eox, the specific area of the
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Fig. 1 Oxygenation system

Blood flow

Oxygen flow

L

x=0
Membrane

x=L

Blood
d ox

Oxygen
Blood

d b = d ox + 2t m

Note that N is the number of hollow fibers while A is the
cross-sectional area of the oxygenator chamber. The
membrane thickness, the inner and outer diameters of the
hollow fiber are indicated by tm, db and dox ¼ db  2tm ,
respectively.

3 Macroscopic governing equations
The microscopic governing equations, namely, the continuity, momentum and dissolved oxygen conservation
equation in the blood phase can be written as follows:
ouj
¼0
oxj
Fig. 2 Control volume in a porous medium

qb
blood compartment ab and that of the oxygen compartment
aox:
p 2
4 db

N
eb ¼ 1 
A


2
p
2
d
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d

2t
Þ
b
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b
4
em ¼
ð1  eb Þ
p 2
 4 db 
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¼4
1
ð1  eb Þ
db
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tm
tm
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eox ¼ ð1  eb Þ 1  4
db
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db

aox ¼



4ð 1  e b Þ
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ð7aÞ

ð7bÞ
ð7cÞ
ð8aÞ
ð8bÞ

oui
ouj ui
op
o2 ui
þ qb
¼
þ lb 2
oxi
ot
oxj
oxj

oc ouj c
o
oc
þ
¼
Db
þ So
ot
oxj
oxj
oxj

ð9Þ
ð10Þ
ð11Þ

where Db [m2/s] is the diffusivity of the dissolved oxygen
in the blood. c [m3ox/m3blood] is the concentration of the
dissolved oxygen in the blood plasma, which, according to
Henry’s law, is in proportion to the oxygen partial pressure
pox as
c ¼ apox

ð12Þ

where a [m3ox/m3blood Pa] is the oxygen solubility in the
blood.
The source term So accounts for the exchange rate
between the hemoglobin bound oxygen and dissolved oxygen, as the hemoglobin releases back into the blood plasma
due to the reduced oxygen partial pressure. The oxygen
passing through a hollow fiber diffuses through the
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membrane wall of the hollow fiber to the blood plasma and
red blood cells. The diffused oxygen dissolves in the blood
plasma flowing over the shell side of the hollow fibers. The
binding process takes place between hemoglobin and oxygen
molecules. This process is so fast that the degree of oxygen
bound to hemoglobin can be expressed as the oxygen saturation S which solely depends on the partial pressure of the
oxygen pox as described by the Hill equation, namely,
Sðpox Þ ¼


n
pox pref

1 þ pox pref

ot
0

þ

1
V



hcib þ½cH hSib



oxj

o B
ohcib Db
¼
þ
@ eb D b
oxj
oxj
V
þ

b

oeb uj
Z

1
bC

cnbj dA  eb c~ þ ½cH S~ u~j A

Abint

Z
Db

oc
nb j dA
oxj

Abint

ð18Þ
ð13aÞ

n

or


n
c cref

Sð c Þ ¼
1 þ c cref



oeb hcib þ½cH hSib

ð13bÞ

n

where

where the superscript b is assigned to indicate the blood
phase intrinsic average quantities as defined by Eq. (2).
Note that nb i is the unit vector pointing outward from the
blood side to membrane side and that some surface integral
terms have disappeared due to the no-slip conditions.
Obviously, the parenthetical terms including the dispersive
b
flux term eb c~ þ ½c S~ u~j on the right hand-side of Eq.
H

cref ¼ apref

ð14Þ

n is the empirical exponent while pref is the reference
partial pressure such that S(pref) = 0.5. Both of these
empirical values can be determined for a particular blood
condition by correlating the experimental data with the
foregoing Hill equation.
Assuming the red blood cells are distributed evenly in
blood space and move at the same speed as the blood
plasma, the source term So may be given by the Lagrangian
derivative of the hemoglobin bound oxygen concentration:


o½cH SðcÞ ouj ½cH SðcÞ
So ¼ 
þ
ð15Þ
ot
oxj
where [c]H [m3Hb/m3blood Pa] is the hemoglobin concentration. Equation (15) may readily be substituted into
Eq. (11).
The governing Eqs. (9)–(11) may be decomposed
according to Eq. (3). Then, these microscopic equations are
integrated over the local control volume, exploiting
the foregoing spatial average relationships. The set of the
macroscopic governing equations thus obtained for the
blood (shell) flow may be given as follows:
oeb uj
oxj

b

¼0

4 Closure for the set of volume averaged equations
The foregoing volume averaged macroscopic Eqs. (16)–
(18) may be modeled as follows:
oeb uj
oxj

b

¼0

ð19Þ
b

qb

b
ohui ib o uj hui i
þ
ot
oxj

e b 1 þ ½ c  H S0

!

oh pi b
o2 h ui i b
þ lb
oxi
ox2j
l
b
 b e b uj
Kbij
!
b
b
ohcib o uj hci
þ
ot
oxj
¼

oh c i b
oh c i b
eb Db
þ eb Db disjk 1 þ ½cH S0
oxj
oxk


 ab ht b hcib hcim

o
¼
oxj

!

where

b

oh pi b
o
oh ui i b
¼
þ
l
 q u~i u~j
oxj
oxi
oxj

Z 
1
oui
þ
l
 pdij nbj dA
Vb
oxj

ð20Þ

ð21Þ

ð16Þ

o uj hui ib
ohui ib
qb
þ qb
ot
oxj

Abint

(18) denote the diffusive oxygen transfer, while the last
term describes the interfacial oxygen transfer between the
blood plasma and membrane.

!
b

ð17Þ


. n1
b
n
c
cref
h
i
dS
S0 
¼


. n 2
dc c¼hcib
cref 1 þ hcib cref

ð22Þ

The concentration on the blood-membrane interface is
assumed to be locally uniform such that its surface integral
related to the tortuosity:
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Z
cnbj dA
Abint

vanishes.
As for the macroscopic momentum equation, the
Forchheimer extended Darcy expression may be introduced
for the flow resistance in place of the Darcy expression:

Z 

1
oui
o 
b
lb
 pdij nbj dA 
qb u~i u~j
Vb
oxj
oxj
Abint
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
b
b
¼  b eb uj qb bij huk ib huk ib uj
ð23Þ
Kbij
where the permeability tensor is given by
2 1
3
0
0
Kb xx
1
6
7
¼ 4 0 Kb1yy 0 5
Kbij
1
0
0 Kb zz

ð24Þ

The axial permeability component may be evaluated using
the hydraulic diameter concept as
 

2
 2
eb
pdb2
eb
db
Kbxx ¼
4
ð25Þ
pdb ¼
32
4ð 1  e b Þ
32 1  eb
while the transverse components may be estimated
according to Kuwahara et al. [15] as

2
e3
db
Kbyy ¼ Kbzz ¼ b
ð26Þ
120 1  eb
Modeling of the Forchheimer tensor bij for anisotropic
structure, however, is not straightforward. For highly nonDarcian flows, one may resort to the procedure introduced
by Nakayama et al. [16]. The dispersion oxygen flux,
b
eb c~ þ ½c S~ u~j , may be modeled according to the
H

gradient diffusion hypothesis introduced by Nakayama
et al. [17] as

o  b
b
eb c~ þ ½cH S~ u~j ¼ eb Ddisjk
hci þ½cH hSib
oxk
ohcib
¼ eb Ddisjk 1 þ ½cH S0
ð27Þ
oxk
The axial dispersion diffusivity component may be
estimated using the hydraulic concept [15, 17] as
!7=8
huib db
1=8
Db disxx ¼ 2:55
Scb Db
ð28aÞ
2ð1  eb ÞDb
for parallel flows
Db disxx ¼ 0:05ð1  eb Þ1=2 huib db

for cross flows

ð28bÞ

The transverse dispersion diffusivity components Dd disyy
and Dd diszz are usually as small as 1/20 of the axial dispersion counterpart [18–20], but, are still much larger than
the molecular counterpart Db.
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For the interfacial oxygen transfer, the effective oxygen
transfer coefficient on the shell side may be introduced as
Z


1
oc
Db nb j dA ¼ ab ht b hcib hcim
ð29Þ
V
oxj
Abint

where the effective oxygen transfer coefficient ht b for the
case of negligible tortuosity within the membrane is
defined, referring to Fig. 3, as
!


1
1
db
2db
1
db
1
¼ þ
ln
ln
¼ þ
ht b hb 2ep Dm
hb 2ep Dm
1  dtmb
db þ dox
ð30Þ
where Dm is the effective membrane diffusion coefficient
and ep(0.3–0.5) is the intrinsic porosity of the membrane.
According to Hewitt et al. [3], the shell side transfer
coefficient may be given as follows:
!0:523
ui b d b
h~
hb db
1=3
¼ 0:524
Scb
ð31Þ
Db
mb
where Scb ¼ mb =Db is the Schmidt number of the dissolved
oxygen in the blood. Note that the shell side transfer coefficient depends locally on the blood velocity field within the
chamber, to be determined by solving Eqs. (19) and (20).
Likewise, the set of the macroscopic equations for the
oxygen (lumen) flow may be written with sub and superscripts ox. Since the oxygen flow though hollow fibers is
unidirectional, the velocity and concentration fields may be
approximated by laminar fully developed solutions as
oeox huiox
¼0
ox
qox

ohui iox
oh piox
l
¼
 32 ox
huiox
2
ot
ox
dox

oeox hciox
ohciox
þ eox huiox
¼ ad ht ox ðhciox hcim Þ
ot
ox

ð32Þ
ð33Þ
ð34Þ

Referring to Fig. 3, the interfacial convective transfer
between the membrane and the oxygen flow is modeled as
Z
1
oc
Dox nox j dA ¼ aox ht ox ðhciox hcim Þ
ð35Þ
V
oxj
Aox int

where


1
1
dox
db þ dox
¼
þ
ln
htox hox 2ep Dm
2dox
!


1  dtmb
1
db
tm
þ
12
¼
ln
hox 2ep Dm
db
1  2 dtmb

ð36Þ

Since the oxygen flow within hollow fibers is likely to be
laminar, the lumen side transfer coefficient hox may be
estimated as
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Fig. 3 Diffusion through a
membrane

hox dox
ﬃ4
Dox

ð37Þ

Note that hox is quite large since dox is very small.
Since the hollow membranes are made from hydrophobic polymers, the membrane wall pores are constantly filled
with oxygen gas supplied by the oxygen flow in the hollow
fibers. Naturally, the oxygen gas within the membrane
stays still. Thus, as for the membrane phase, one only needs
to consider the species concentration equation:


oem hcim
¼ ab htb hcib hcim þ aox ht ox ðhciox hcim Þ ð38Þ
ot
This completes the closure procedure. The present volume
average model consists of the continuity, momentum and
concentration equations for the blood and oxygen compartments (19), (20), (21), (32), (33), (34), and the concentration equation for the membrane (38). These partial
differential equations can be solved numerically for given
initial and boundary conditions using any standard
numerical procedure such as those based on primitive
variables (e.g. Nakayama [9]).

5 Approximate solutions for the unidirectional flow
oxygenator with sufficient oxygen supply
Further simplification is possible as one notes the difference in the mass transfer resistances among the blood
plasma, membrane and oxygen phases. The total resistance
associated with this oxygen transport between the oxygen
and blood plasma streams may be split into two parts, as
illustrated in Fig. 3. Since the hydrophobic hollow membranes wall pores constantly trap oxygen molecules supplied by the oxygen stream in the hollow fiber, the mass
transfer resistance of the lumen side (i.e. the oxygen stream

and membrane) is much smaller than that of the shell side
(i.e. the blood plasma stream and membrane), namely,
1=ab ht b  1=aox ht ox . Thus, Eq. (38) for the case of steady
state gives
hcim ¼

ab ht b hcib þaox ht ox hciox
ﬃ hciox
ab ht b þ aox ht ox

ð39Þ

One may also note the following scale magnitudes among
the three time scales, namely, the convective time scale
from the membrane to the blood plasma 1=ab hb , the

diffusive time scale within the membrane tm2 Dm and the
convective time scale from the oxygen stream to the
membrane 1=aox hox :

1=ab hb  tm2 Dm  1=aox hox

ð40Þ

Therefore, in most membrane blood oxygenators with
sufficient supply of the oxygen of hciox
sup , one may assume
hcim ﬃ hciox ﬃ hciox
sup

ð41Þ

For the steady unidirectional blood flow in the oxygenator,
Eqs. (19) and (20) readily give the Darcian blood velocity
and intrinsic blood pressure as
ub  eb huib ¼ const:

ð42Þ

and




d h pi b
¼
dx
d h pi b
¼
dx

eb
32



e3b
120

lb
db
1eb

2 ub ¼ const:

lb
 2 ub ¼ const:

: parallel flows

ð43aÞ

: cross flows

ð43bÞ

db
1eb

Hence, the oxygen transport equation simplifies as follows:
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ub 1 þ ½cH S0

d hcib
d
¼ eb Db þ Db dis 1 þ ½cH S0
dx 
dx

 hbv hcib hciox
sup

d hcib
dx

where hbv ¼ ab hb is the shell side volumetric transfer
coefficient. Upon noting Db dis  Dd , Eq. (44) may be
written as
b
d hcib
1
d
0 d hci
ub
e
¼
D
1
þ
½
c

S
b
b
dis
H
dx
dx
1 þ ½cH S0 dx


hbv
b
ox

hci hcisup
1 þ ½cH S0

ð45Þ

ð46Þ
where

hciox
pox
sup
¼
¼ sup
cref
pref
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dS
ncn1
¼
dx ð1 þ cn Þ2

ð50Þ

d 2 S ncn2 ðn  1  ðn þ 1Þcn Þ
¼
dx2
ð1 þ cn Þ3

ð51Þ

S ¼
00

S ¼
and

u2b

is the square of the mass transfer version of the
dimensionless number introduced by Nakayama [23],
qﬃﬃﬃﬃﬃ
k
namely, aueff heffv where aeff ð eb Db dis Þ, hv
hbv keff =
eb Db dis Þ and keff are the effective thermal diffusivity,
volumetric heat transfer coefficient and effective thermal
conductivity. This dimensionless number measures the
distance which the oxygen gas travels to dissolve in the
blood stream ub =hbv , referring as to the dispersion mixing
length eb Db dis =ub . For usual oxygenators, Na number is
sufficiently large as can be evaluated using Eqs. (28a, 28b)
and (31) as


u2b
eb
ub db 0:6 2=3
Na 
¼ 0:34
Scb
ð53aÞ
eb Db dis hbv
ð1  eb Þ1=8 eb mb
for parallel flows


u2b
eb
ub db 0:477 2=3
Na 
¼ 9:52
Scb
eb Db dis hbv
ð1  eb Þ2=3 eb mb
for cross flows
ð53bÞ
For human respiratory system with low blood velocity in
capillary vessels, on the other hand, one may estimate as
Na 

u2b
eb Db dis hbv

and

½cH
½c
¼ H
cref
apref

ð48a; bÞ

u2b
eb u2b db2 =Db hbv

Db
hv db

1
Shb

ð54Þ

Naturally, Na number, which is inversely proportional to
the Sherwood number, can be so small that the diffusion
terms must be retained for the case of human respiratory
system.The second order ordinary differential Eq. (46) may
easily be solved using a standard integration scheme such
as Runge–Kutta–Gill (e.g. [9]) with the following boundary
conditions:
x ¼ 0 : c ¼

½cH ¼

ð52Þ

eb Db dis hbv

ð47Þ

such that
csup

ð49Þ

Na 

Many researchers including Vaslef et al. [21] and Zhang

et al. [14] introduced ‘‘effective diffusivity’’ Db ð1þ
½cH S0 Þ to account the oxygen uptake by hemoglobin.
However, this definition is not relevant, since the foregoing

1 þ ½cH S0 ¼
equation suggests eb Db dis 1 þ ½cH S0
eb Db dis when the local variation of 1 þ ½cH S0 is neglected. The effects of the mechanical dispersion on the diffusivity are neglected in most previous investigations. But,
it is the dispersion that controls the diffusive mechanism in
the oxygen transport in membrane oxygenators.
The transport equation derived for the membrane oxygenation devices may readily be translated for the oxygen
transport equation in biological systems. For human
respiratory system with low blood velocity in capillary
vessels, on the other hand, Taylor dispersion [22] prevails
such that Ddis =Db ðub db =Db Þ2 . Since the Peclet number
ub db =Db in capillary vessels can be as small as unity, the
molecular diffusion is as important as the mechanical dispersion. Thus, the full ordinary differential Eq. (44) should
be used to describe the oxygen transport in biological
systems with the effective diffusivity being eb ðDb dis þ

Db 1 þ ½cH S0 Þ.
Returning back to oxygenators, Eq. (45) may be
rewritten in a dimensionless form as
  2
 

00
c  csup
d 2 c
½cH S
dc
dc
¼

þNa
þ
dx2
dx 1 þ ½cH S0
1 þ ½cH S0 dx

hcib hpox ib
¼
cref
pref

hbv x
ub

0

ð44Þ

c ¼

x ¼

hcibin pox in
¼
cref
pref

and

d 2 c
¼0
dx2

ð55a; bÞ

Note that x is the dimensionless coordinate with its reference length ub =hbv being approximately the distance
which the oxygen molecules travel till they dissolve in the

Heat Mass Transfer (2013) 49:973–984

981

blood plasma. Thus, when designing a compact oxygenator, one should ensure that this dimensionless length L ¼
hbv L=ub stays within the order of unity under all possible
operating conditions. This point will be discussed later in
connection with oxygenator efficiency. Note that Eq. (55b)
together with Eq. (46) yields a quadratic equation with
respect to the first derivative dc =dx , which can be solved
to provide the boundary value for dc =dx at x ¼ 0.

6 Results and discussion
Zhang et al. [14] carried out an experimental investigation using a custom-made mini-oxygenator, which was
placed in a parallel flow chamber. A flat fiber membrane
bundle of 12.7 mm (height) 9 45.72 mm (width) 9
50.4 mm (length) was placed in cross flow arrangement, in
which the fibers are perpendicular to the blood flow. The
following input data needed for the analysis were collected
from their paper:
pref ¼ 29 mmHg
ðcref ¼ 8:7 104 m3 ox=m3 bloodÞ,
a ¼ 3:0 105 m3 ox=m3 blood mmHg, n ¼ 2:84, ½cH ¼
0:166 m3 Hb=m3 blood Pa, pox in ¼ 40 mmHg, pox sup ¼
760 mmHg, eb ¼ 0:6, db ¼ 300 106 m, mb ¼ 2:76
106 m2 =s, Db ¼ 1:8 109 m2 =s, A ¼ 5:81 104 m2 ,
L ¼ 0:0504 m, ab ¼ 5; 810=m.
The corresponding dimensionless parameters are as
follows:
½cH ¼ 191, csup ¼ 26:2, c ð0Þ ¼ 1:38, Scb ¼ 1; 530
The integration should be carried out from x ¼ 0 to
x ¼ L . For example, L in the case of the blood volume
flow rate Qb ¼ Aub ¼ 1 l=min ði: e: ub ¼ 0:0287 m=sÞ is
given by


L ¼

hbv L
ab L
¼ 0:524  0:477
¼ 0:877
ub
2=3
ub db
eb eb mb
Scb

the diffusion terms are compared against those obtained
from the complete second order ordinary differential Eq.
(57) for Na = 0.01, 0.1, 1 and 5. The figure shows that the
results for the case of L [ 5 are almost identical to those
obtained without the diffusion terms (Na = ?). Thus, in
most cases, the first order ordinary equation suffices for
practical estimations.
Zhang et al. [14] conducted a series of measurements
using bovine bloods. They collected pressure drop and
oxygen transfer rate data using the aforementioned custommade mini-oxygenator and the Medtronic Affinity NT
oxygenator (Medtronic Inc., Minneapolis, MN, USA), in
which the hollow fiber bundle is arranged in an annulus
with its inner and outer diameters being 0.0318 and
0.0762 m, respectively. In the Medtronic Affinity NT
oxygenator, the blood fluid particles enter through the core
of the oxygenator chamber and then make turn to pass
radially crossing over the bundle of the hollow fibers. The
specifications of the Medtronic Affinity NT oxygenator are
given as follows:
0:0762 þ 0:0318
eb ¼ 0:45; A ﬃ 0:080p
¼ 0:0136 m2 ;
2
0:0762  0:0318
¼ 0:0222 m; ab ¼ 9; 260=m:
L¼
2
The other parameters and properties are the same as the
case of the custom-made mini-oxygenator. The average
blood velocity in the Medtronic Affinity NT oxygenator is
estimated by dividing the volume blood flow rate by the
average area A available for the transverse flow, according
to Hewitt et al. [3].
The pressure drops are presented in Fig. 5, in which the
experimentally measured data are compared against the
present correlation given by Eq. (43b). The experimentally
measured pressure drops for both oxygenators, in a low

ð56Þ

Furthermore, Eq. (53b) reveals that Na = 3,070 is so large
that the diffusion terms in Eq. (47) may well be neglected
as
csup  c
csup  c
dc
¼
¼
: Na  1
dx 1 þ ½cH S0 1 þ ½cH ncn1
ð1þcn Þ2

ð57Þ

Once c ðL Þ is known, one can easily obtain the total
oxygen transfer rate Qox ½m3 =s from


Qox ¼ Qb cref c ðL Þ  c ð0Þ þ ½cH ðSðc ðL ÞÞ  Sðc ð0ÞÞÞ
ð58Þ
In Fig. 4, the total oxygen transfer rates predicted from the
foregoing first order ordinary differential Eq. (57) without

Fig. 4 Effects of Na on dissolved oxygen concentration, Na = 0.01,
0.1, 1 and 5, Custom-made mini-oxygenator, Technical data are taken
from Zhang et al. [14]
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flow rate range, are in reasonable agreement with the
present theoretical correlation. However, in a high flow rate
range, the inertia effects on the pressure drops become
significant, resulting in higher pressure drops. Such inertia
effects may be implemented by introducing the Forchheimer term (i.e. the velocity square term) as given by
Eq. (23).
In the Medtronic Affinity NT oxygenator, the fluid
particles path length L is estimated as half the difference
between the outer and inner diameters of the fiber bundle.
Thus, the dimensionless length L based on Eq. (56) for the
case of the blood volume flow rate Qb ¼ 1 l=min ði:e: ub ¼
0:00123 m=sÞ may be estimated by L ¼ 3:22:
The oxygenator efficiency may be defined as follows:

RL 
Ahb v 0 csup  hcib dx
Q
ox


gth ðL Þ 
¼
Qox th Ahb R 1 csup  hcib dx
bv 0

R L  
csup  c dx
0

ð59Þ
¼R 
1
csup  c dx
0
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reality, the blood flow rate must be controlled with the
other parameters fixed. Therefore, one should design an
oxygenator such that L stays around 3 to maintain high
efficiency under possible operating conditions. The
efficiency curve may roughly be approximated as
gth ðL Þ ¼



L =3:2
1

: L
: L

3:2
3:2

ð60Þ

Hence,

Qox ¼ gth Qox th ﬃ

0:0692Qb ðL =3:2Þ
0:0692Qb

: L
: L

3:2
3:2
ð61a; bÞ

where
Qox th ¼ Ahb v
0
¼ @cref

Z1 


csup  hcib dx

0

Z1 



1

csup  c dx AQb ¼ 0:0692Qb

ð62Þ

0

which indicates the ratio of the oxygen transfer rate with
the effective flow path length L to the maximum oxygen
transfer rate with an infinite flow path length, for fixed
blood flow rate Qb. Figure 6 shows the oxygenator
efficiency as function of the dimensionless length L . The
efficiency increases with L and approaches 100 %
asymptotically. The efficiency of 90 % reaches at the
dimensionless length 3.5. A further increase in L beyond
this value would not be justified since the concentration


difference csup  hcib is too small to gain substantial
oxygen transfer. Moreover, a device with L much smaller
than 3.5 may not either be justified since the concentration
difference is still large such that additional oxygen transfer
would be possible by providing an additional flow path. In

It is interesting to note that the proportional relationship as
given by Eq. (61b) holds for all efficient oxygenators with
sufficiently large membrane surface areas, operated with
bovine bloods under pox in ¼ 40 mmHg, pox sup ¼ 760
mmHg, irrespective of other technical specifications of the
devices in use.
Figure 7(a) shows the total oxygen transfer rates calculated from Eq. (58), using the present analytical results,
together with the experimentally measured transfer rates at
different blood flow rates for both oxygenators. The
dimensionless length L , which decreases with increasing
the blood flow rate, was evaluated using Eq. (56). The
present analysis correctly shows a plateau at a higher blood
flow rate range as experimentally observed for the custom-

Fig. 5 Comparison of pressure drops, Custom-made mini-oxygenator
and Medtronic Affinity NT oxygenator, Technical data are taken from
Zhang et al. [14]

Fig. 6 Oxygenator efficiency, Bovine blood with pox in ¼ 40 mmHg
and pox sup ¼ 760 mmHg
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made mini-oxygenator. It, however, underestimates the
total oxygen transfer rate. In the same figure, the analytical
results based on McAdams’ mass transfer correlation [24]
are also presented for comparison:

 !
hb db
ub db 0:52
¼ 0:35 þ 0:56
ð63Þ
Sc0:3
b : McAdams
Db
e b mb
The results indicate that the mass transfer coefficient has
significant influence on the total oxygen transfer rate, and
thus, must be evaluated carefully depending on a particular
flow field. The experimentally measured oxygen transfer
rate in the Medtronic Affinity NT oxygenator in the high
flow rate range is much higher than the one based on the
analysis, since the flow in this range is no longer radial but
quite three-dimensional, as manifested by the nonlinear
increase in the pressure drops in Fig. 5. Such threedimensional mixing enhances the mass transfer rate such
that the dimensionless length proportional to the
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volumetric heat transfer coefficient may well be L 3:2.
Thus, Eq. (61b) valid for L 3:2 is plotted in the same
figure, which shows a good agreement with the
experimental data for the case of the Medtronic Affinity
NT oxygenator.
The simple proportional relationship valid for devices
with sufficiently large membrane surface areas, as given by
Eq. (61b), is examined against the experimental data by
provided by Matsuda et al. [25] who used the membrane
oxygenator, HPO-25H, Senko Medical Instrument, with
bovine bloods. Unfortunately, sufficient technical data on
this particular membrane oxygenator and experimental
conditions are not available from their paper. Assuming
that all operations with their oxygenator device were made
with sufficiently large dimensionless length L 3:2, the
linear relationship given by Eq. (61b) is presented along
with their experimental data in Fig. 7b. A reasonable
agreement between the prediction and experiment can be
seen from the figure.

7 Conclusions
A volume averaging theory has been adopted to derive a set
of the macroscopic governing equations for characterizing
the oxygen transport processes within membrane blood
oxygenation devices. The derived equations indicate that
the dispersion coefficient corresponds to an effective diffusion coefficient for the oxygen transport in oxygenators.
A scale analysis was also made on the resulting oxygen
transport equation, defining a dimensionless number which
measures the distance the oxygen gas travels to dissolve in
the blood as compared with the blood dispersion length. The
analysis reveals that the effects of diffusive terms on the
development of the oxygen concentration are negligibly
small. The analytical results obtained based on a unidirectional flow assumption are compared with experimentally
measured pressure drops and total oxygen transfer rates for
both custom-made mini-oxygenator and Medtronic Affinity
NT oxygenator. A simple linear relationship between the
blood flow rate and total oxygen transfer rate is found for
oxygenators with sufficiently large membrane surface areas.
The agreement observed between the analysis and experiment reveals the validity of the present approach based on
the porous media theory. A series of numerical calculations
using the full three-dimensional set of the governing
equations are being conducted in the authors’ group, so as to
consider possible optimization of compact oxygenators.
The results will be published in near future.

Fig. 7 Comparison of total oxygen transfer rates a experimental data
from Zhang et al. [14], b experimental data from Matsuda et al. [25]
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